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We use supersymmetry to calculate exact spectral densities for a class of complex random matrix models
having the form M = S + LXR, where X is a random noise part X, and S, L, R are fixed structure parts. This is
a certain version of the “external field” random matrix models. We find twofold integral formulas for arbitrary
structural matrices. We investigate some special cases in detail and carry out numerical simulations. The presence
or absence of a normality condition on S leads to a qualitatively different behavior of the eigenvalue densities.
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I. NOISE-PLUS-STRUCTURE RANDOM MATRICES

In the past 50 years, random matrix theory (RMT) has been
established as an impressively versatile approach [1] to study-
ing complex systems. In particular, applications including
large data structures [2], machine learning algorithms [3], and
telecommunications [4] have arisen recently. It is a common
problem in these and many other areas to infer a signal or
information from noisy data. In this work, we study a type
of RMT noise-plus-structure model suitable for this type of
inference tasks. More specifically, let M be a matrix of the
form

M =S+ LXR, ey

where S is a fixed matrix and L,R > 0 are diagonal positive-
definite covariance matrices. The matrix X is the source
of noise drawn typically from a multidimensional Gaussian
ensemble. Equation (1) thus comprises the simplest model
combining both randomness (X) and structure (S,L,R).
The matrix S is called a source and is interpreted as the
signal-information matrix of the system under study. We
add a structured noise LXR as every real-world datum is
contaminated, and only the resulting matrix M is attainable
by experiment. The matrices L,R encode an anisotropic (or
correlated) source of randomness—a single element of the
source matrix S;; is perturbed by a noisy term L;; R;; X;;, i.e.,
with variance ‘75' = (LiiR; j)z_ The absence of any structure
means setting S = 0 and L = R = 1, which reduces Eq. (1)
to standard RMT models of pure randomness.

There are at least two strategies for studying the model (1)—
we look at either the eigenvalues or the singular values of M
(equivalently at the eigenvalues of M'M). The first approach
is limited to square matrices, whereas the second route is the
main idea behind the principal component analysis in which,
in general, rectangular data matrices M are investigated. In this
work, we focus on the first approach and study the statistics
of the eigenvalues. It is well known that the symmetries of M
constrain the position of its eigenvalues. Here, however, we
drop any symmetry constraints and focus on the case in which
eigenvalues are spread over the whole complex plane. In what
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follows, we discuss a couple of instances that can be realized
with the model (1) and which are interesting from a practical
as well as from a theoretical perspective.

In finance, one studies the markets to make educated
guesses about their future behavior, including the search for
possibly profitable correlations. Toward that end, one typically
considers N assets in 7' time slices that may be ordered in a
rectangular N x T matrix M. We set S = 0 and interpret L, R
as noise correlation matrices in both time and space. Because
M is rectangular, the spectral density of M7 M is studied, and
thus we arrive at the doubly correlated Wishart model [5].
As a second example, in wireless telecommunication Eq. (1)
arises in multiple-input-multiple-output (MIMO) systems
as a complex N, x N; transmission matrix M between N,
transmitters and N, receivers [6].

As a physics application, we consider a Hermitian Hamilto-
nian M that models an ensemble of charged spinless particles
interacting with a strong external magnetic field [7]. In this
instance, we set S = e "Hy, LR = /1 — e~27, and both H,
and X are random matrices drawn from the Gaussian unitary
ensemble (GUE). The parameter t is proportional to the
applied magnetic field. For moderate fields, a different random
matrix model of (1) applies—a transition between a Gaussian
orthogonal ensemble (GOE) and a GUE happens due to the
breaking of time-reversal invariance. In this regime, we set
LR = i while the random matrices S and X are symmetric,
S = ST, and antisymmetric, X = —X7, respectively. Even
though we drop the positivity condition of L, R and consider a
random matrix S, the model described is still of the form (1).
As the parameter « that is proportional to the field varies
between 0 and 1, a transition between GOE and GUE takes
place.

Independently, the rich mathematical structure of models
of the type (1) has attracted a lot of attention in its own
right. These ensembles are known in the RMT community as
“external source models”. So far they were mostly considered
for L = R = 1 and Hermitian X [8-11]. These models also
have a natural interpretation in terms of Dyson’s Brownian
motion for the stochastic evolution in time t, when we set
LR = /7 and view S as the initial matrix [12,13].

Although all of the above examples contain either complex
or real matrices M with a purely real spectrum, there are
situations in which symmetry constraints are not present and
the spectrum spreads over the whole complex plane. One of the
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main tenets of quantum mechanics for closed systems is the
hermiticity of the Hamiltonian, while dropping it is an oft-used
effective way to describe open systems, i.e., to account for the
environment. As a consequence, complex energies of the type
E = ¢ — il arise that correspond to resonant states. Such an
energy eigenstate |¢x(¢)) = e ''|¢£(0)) not only oscillates
with a frequency &, but it also decays with a characteristic
time 1/I". Random matrix models of this type were used for
studying quantum chaotic scattering in open cavities [14]. In
this case, the matrix S is drawn from the GUE, LR = —imx, and
X = WIW models a random interaction between the cavity
and its surroundings, where W is drawn from a complex Girko-
Ginibre ensemble.

As a second application of non-Hermitian matrices, we
mention efforts to construct mathematical models of neuronal
networks [15-17]. Here, M represents the neuronal adjacency
matrix, and we begin by setting S =0, L = R = 1. In this
context, however, an additional constraint is needed—each
matrix row must be either purely negative or purely positive,
which reflects Dale’s law of neuronal behavior. Moreover, a
recent paper [18] argued that also the S, L, and R matrices in
the model (1) might be of significance.

In the sequel, we consider matrices X drawn from the Girko-
Ginibre ensemble (i.e., a matrix with complex Gaussians
random entries) as well as various types of structural matrices
S, L, and R. In Sec. II we compute an exact formula for the
spectral density of M and arbitrary matrices S, L, and R.
In Sec. III we investigate particular cases: a normal matrix
S and arbitrary matrices L, R, a vanishing source S = 0 and
trivial L = R = 1, and a rank-1 non-normal source S with
L = R = 1. Eventually, we comment on the spectral formula
for a related problem of eigenvalues of M~!. We summarize
and conclude in Sec. IV.

II. SPECTRAL DENSITY OF M

We now describe the model (1) in greater detail. Let X
be an N x N matrix drawn from a complex Girko-Ginibre
ensemble,

P(X)dX = C lexp(—uTrX'X)dX, )

where 4 is an (inverse) variance parameter and C = (/)" Yis
the normalization constant. The flat measure over the matrices
X is denoted d X. All matrices S, L, and R are N x N, with
L, R being positive-definite and diagonal. The source matrix
S is in the most general form given by S = D 4+ T, where D
is diagonal and T is strictly upper triangular. These reduced
forms are not restrictive because the spectrum of M is unitarily
invariant. In particular, the Schur decomposition of the source
matrix reads § = UT(D + T)U for a particular unitary matrix
U.When T = 0, the source matrix is called normal, otherwise
it is non-normal.

A basic statistical quantity characterizing the model (1) is
the spectral density,

1 N
0(z,2) = N<§ 8(z — mi)>

depending on the complex variable z. The m; are the eigenval-
ues of M. We use the two-dimensional Dirac § function due

3)
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to complexity of the spectrum; the average is taken over the
random measure (2).

Many authors have studied the spectral density (3)
in the large-N limit [19-21]. In particular, convenient
quaternionic-hermitization methods [22,23] were developed
to complete this task. For L = R = 1 and a general normal
source S, spectral density in the large-N limit was found in
Ref. [24], whereas the L,R # 1 generalization was recently
studied in Ref. [18]. For finite matrix size, a formula for the
spectral density was calculated in Ref. [25] for L =R =1
and a normal source term S only. In this work, we address the
cases L,R # 1 as well as non-normal S.

To find the spectral density, we introduce as a generating
function the averaged ratio of determinants,

“)

Ry w(Z.V) = <det(Z - M)> ’
P

det(V — M)

with the 2N x 2N block matrices

0 M
M=(yi ). ©)
_ sz ZIN _ Lzu le
Z= <le —RZH))’ V= (f)lN —ra) ©

where 1,y denotes the N x N unit matrix. We notice that the
matrices Z and V depend on the complex variables z, u, v,
and w. For u = w = 0, we recover the special case

(N

_ A VAl
Ry p(ew) = <det[(z MYz —M )]> '
P

det[(v — M)(? — M1)]

Although the variables u,w have an interesting interpretation
in terms of the eigenvectors [26], we only use their regulatory
properties—as long as u,w # 0, the ratio is finite for all
complex v. Importantly, the spectral density is generated by
taking proper derivatives of the averaged ratio equation,

PR == lm - lm Ry k(ZV) )
N wu— 0902y — 70V
introduced in Ref. [27] for L = R = 1.

We use the supersymmetry method to calculate the gen-
erating function R g. Although the basic steps are by now
standard, the details are rather involved in the present study.
We refer the interested reader to Appendix A. We eventually
arrive at the twofold integral representation

4i [ o
Riw= [ dg [ dr s ©)
T J-oo 0
with g_ = g — i€ and the integrand

S(f.g_) = e MEEH/ TP [0 £l |) Ko(2ilulg )
x g-fGly1 + (1 — y2)( — v3) + val, (10)

depending on the modified Bessel functions Iy and K of the
first and second type, respectively. The functions G and y; are
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equal to
_det(— 21y — [,Q,)
T odet(glly — I,
y1 = f2g> Tr[P,Q.1Tr[P,Q ],
yo = Te[2.TP,Q.]. v = Tr[Q,[.Q.P,],
ys = fPTr[Q,Q.I'P,Q.P,] + > Tr[Q.P,I
where we defined
Q= R(x1y — S,
P, = (g2 1y — Q,I') 7",
Q. =(—f1y —Q.T)",

ZQZPUQZ]7

I, =L2(x1y —S),
P, = (g’ 1y —I,Q,)",
Q. = (—f1y-T. Q)"

III. PARTICULAR CASES

So far, the result (9) for the generating function is exact
for any matrix dimension N and is valid for any structural
matrices L, R, and S. Although the integrand (10) is, in general,
rather complicated, the integral can be worked out explicitly
for certain subclasses of L, R, and S. We are particularly
interested in the following three cases:

(i) Vanishing source S = 0 and trivial L = R = 1.

(i1) Normal source S and variance matrices L, R arbitrary.

(iii)) Non-normal source S of rank 1 and trivial variance
matrices L = R = 1.

We compute these cases and discuss them in the sequel.

A. Vanishing source S=0and L=R =1

We consider the case S =0 and L = R =1 in which a
simple spectral density formula is known from the work of
Ginibre [28]. The generating function (9) reads

Re =N(njnv —in—1jN+1) — win—1jv+1(VZ + Zv)
+ ulin—1jn+2v1* + iv—2jn+1lzl?), (11)

where the building blocks i,, (fermionic type) and j,, (bosonic
type) read

e~ Hwl* poo
in = | doe e @Bl + wizPY. (2)
: 0
. (m_l)'f Ugsn1(eluP)p*
" SR
! Z (p+ HoPy"

where I is a contour encircling —z|v|? counterclockwise and
U, »(x) = U(a,b,x) is the Tricomi confluent hypergeometric
function. The contour integral reformulation of the bosonic
block j, is derived in Appendix B.

Before proceeding, we cross-check the generating func-
tion (11) with similar calculations carried out for the chiral
Gaussian unitary ensemble. Toward thatend, we setz = v = 0,
and the generating function reduces to

det(Jw|> + X XT)
det(|u|> + XX1) [,

We also set 4 = N and arrive at

Rengue = < (14)

Rengue = NNy jN — in—1jN+1)-
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By Egs. (12) and (13) we find the fermionic and bosonic
building blocks
in = Ln(=Nwl?),  jm = (m = DW,1(Nul),

which reproduces the results of Ref. [29].

In the present study, we are interested in the complementary
limit, i.e., we set u,w — 0 and look at z,v # 0. Toward that
end, we use the identity

Wiy (wlul®) = e P10, wlu|?) Li(—pwlul)

which when applied to the bosonic block (13) induces a
splitting into two parts,

Jm(v,u) = S8 (v,u) + jI0 (v,u). (15)

Because the ratio R is linear in j,,, we find the same type
of separation Rg = R(Gsmg) + Rgeg). We apply the operator

= limv_) i to this ratio, we find by symbolic calculation that
= lim L RE™ = 0, and so the spectral density given by

Eq. (8) simplifies

0 a
—Nrmp= Ilim — lim —Rg
wu —> 092y — 7 9V
0

= lim — Ilim

R(reg) (16)
wou — 092y — 79V

It depends, therefore, only on ju®(v,u). We exchange the
limits in Eq. (16) and define the modified ratio R¢:

R = lim RG® = Ralin = o = Jul. (A7)
where the blocks are given by in(2) = lirr%) in(z,w) and
Fn0) = lim iy, u). Although Rg # R, the spectral

density p = p agrees exactly,

1 0 9
) =—-—— lim —R 18
p(z,2) Nnazvinzav G- (18)

The modified building blocks read

(o]

T 1 —p 2\m
im = — dpe "(p+ ulz|)", (19)
m: Jo

. (m—1)! el
) r

where we used the identity
S
2 ko

= m!

for the modified Laguerre polynomials L,, with y denoting
the Euler constant This identity follows from the fact that
L,0)=-Y", ; are the (negative) harmonic numbers.

[y +T'©0,p) +1np]
(p + plv)?)m

. (20)

=—ely+T0,p)+Inp] (21)
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Directly from Eqgs. (19) and (20) we derive the iterative
formulas

I = It + (ulz)"(m) ™",
— (B = Dulp) e ", (),

and we use them to reexpress the generating function

jm = jm+l

~ ~ s 2
Re =pin—1jn+1lv — 2|

—pl
+ —5 lin-1@DMv
vl
where we have written out explicitly the argument of 7 to
avoid confusion. At this point, we observe that the generating
function vanishes for z = v, Rg = 0. It is thus evident that
the derivative operator of Eq. (18) only produces contributions
due to the second term. Lastly, by using 9zi,, = UZiym—y and

PN —ivoilzPN], (22)

0y J, ]m = —uv ]m+1, we recover the well-known formula
N-1 29k
Koz (nlzl)
=—ce - 23
po = ; i (23)

for the spectral density, which often appears for © = N.

B. Normal S and arbitrary L, R

In this case, all structure matrices L, R, and S are diagonal,

S = diag(sy, ... ,81, 52, -+ ,82, ... ,8¢),
——— ———— S
uj us LUy
L =diag(ly,....li, 1, ....Ib,....1)),
—_—— —,— —
V] v2 Uy
R =diag(ry,...,r1,7r2, ...\ F2, ... 1),
——— ———— —
wy wy LW

with three sets of multiplicities «;,v;,w;, which should not be
confused with the above employed complex variables u,v,w.
Here, x,y,z are the numbers of different entries in the structure
matrices L, R, and S, respectively, thereby defining the sizes
of the sets. The multiplicities in each set add up to N. Because
the integrand (10) only depends on the products (£2,);; (I'y)i;,
we introduce a structured source matrix of the form

ay = QT = (LR)*@Fly — SHOYIy - S),  (24)

which depends on all three matrices L, R, and S. It is
accompanied by a merged multiplicity vector 7. We define it by
the following construction: we first form the multiplicity vec-
tors it = (uy, ...,uy), v = (v1,...,vy),and W = (wy, ..., w;)
corresponding to the matrices S, L, and R, respectively. The
vector 4 is graphically represented by a column of N points,
which are ordered in x groups according to the multiplicities
u;. The points within each of these x groups are given the same
(arbitrary) color, which is only used to distinguish the different
groups. We refer to the first and last points in each group as
the boundary. The vectors v,w are represented accordingly.
The multiplicity vector 7 = (n, ...,n;) is then constructed
as a vector that has a boundary whenever at least one of
the vectors i, U, and w has one. We illustrate this by the
example in Fig. 1 in which the vector # is represented by
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u Vv W — N
=Y N e el
o Ly ol _____. =
o 9) o O
o ol _of el
2ol o). el
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O O o O I el
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o ol ol . Nl
o o O O
=dooed ol el

-

FIG. 1. Construction of the multiplicity vector n =
(1,1,2,1,2,2,2) from u = (5,2,4), v = (2,5,4), and w = (1,3,5,2).
The points depict groups of sizes determined by the corresponding
multiplicities. Horizontal lines (both solid and dashed) are drawn
along the boundaries of the groups of any of the vectors #, v, and w,
visualizing the construction of the merged vector 7.

N =11 points ordered in x = 3 groups with multiplicities
u; =5 u;=2,anduz =4 with5 +2 +4 = 11. As seen, the
multiplicities for the other two vectors differ. We juxtapose
the point sets of all three multiplicity vectors along with the
constructed 7. From now on, we only use the merged vector 7.
We introduce the dimension d(72) of the vector 71 as the number
of differing groups, e.g., d(i) =7 in the above example.
We also introduce the length |17]| = Z =i n, The generating
function (9) can then be cast into the form

d(i)

1 - wo . NY\. .
ERL'R = liJi — ; n_i<azv + af)z + ;)lﬁ?f]ﬁ+5i
@ 2 i
Waly o o .
+2. nn, (e = eto)in-sig Jiveve ]

ij=1
d(in)

+

t]l

. . i .

(o ii—c, jivée, + X ii—a—¢ Jive, ]
(25)

where oz

, 1s the ith element of the diagonal matrix (24), C =

]_[fl("l) n;, and the ¢;’s are k-dimensional unit vectors in the
ith direction. These vectors ¢; are used to conveniently add
or subtract a single source from the vector 7. Similarly to the
Ginibre case considered in Sec. III A, the result (25) contains
fermionic and bosonic building blocks. The former is given by

d(m)

fo dpe” plo(2J_|w|)]_[ (p + nel)™,
(26)

e~ Hwl®

b = [T 1

i=1 l'

where we set i; = 0 if some element of the multiplicity
vector m is negative. The bosonic counterpart
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reads
. d(n)
Ja(v,u) = 2 i 1)!e‘"”'2
T

o0
x f dg g—e ™" Ko(iplulg-)

o0

(—pymi

d(m)

<[] (2—ei,) ™. 27)
i=1

Analogously to formula (13), we notice that the bosonic
building block is expressed as the contour integral
. [T2emi — 1! S Uk (uluP)pt
Ja(u) = ==————¢@ dp
r,

ST (0 + pod )™

(28)

2mi

where the contour I’y encircles all sources —pa! —coun-
terclockwise. Details of the calculation are provided in
Appendix B.

We follow the discussion in Sec. IIT A to address the limit
u,w — 0. As the procedure is analogous, we can immediately
write down the modified generating function

Ri.g = R glin(z,w) = 1i(2), ji(v,u) = Ja@)],  (29)

with new building blocks 7;(z) = lim,_oi7(z,w) and
f,;l(v) = lim,_,¢ jgeg)(v,u). We stress that this procedure is
not an approximation—although we have 7~€L, R # Rpr R, the
spectral densities obtained by Eqgs. (8) and (18) agree exactly

p = p. The modified building blocks are given by

d(i)

. 1 © -
lin = Hd(ﬁz)m | /(; dpe g 1_[ (p+'u“azz) ’
i=1 i i=1
. TP — 1 ?g €'y +T(O.p) +1np]
2ri e T T (p o+ ped,)”

(30)

where we used the identity (21).
The final formula for the spectral density in the case of a
normal source S and nontrivial L, R then reads
1 0

0 -~
f=——— 1 —R ,0), 31
p Nz 9y inZ ™ r.r(z,V) 3D

together with the definitions (25), (29), and (30). We demon-
strate the utility of our analytical result in Fig. 2 by comparing
it with numerical simulations. Adding (structured) noise L X R
produces an overall eigenvalue spreading with anisotropic
features reflecting the L, R covariance matrices. The density
is concentrated around the initial eigenvalues of S and varies
smoothly as we change the noise level u, i.e., the inverse
variance of the ensemble (2).

C. Non-normalrank-1 Sand L=R =1

A major reason to study models of the type (1) is the issue
of spectral stability. How far do the eigenvalues of S+ Y
spread around the eigenvalues of S for a small perturbation Y'?
This is especially interesting for finite rank sources S where

PHYSICAL REVIEW E 94, 042130 (2016)

Im(z)

Re(z)

FIG. 2. Spectral density according to Eq. (31) as insets along
two lines L; and L, in the complex plane, together with numerical
simulations. The structural matrices are S = diag(—1,0,1+i), L =
diag(3/4,1), and R = diag(1,5/4,1) with multiplicity vectors of i =
(2,1,3), v = (2,4), and w = (2,1,3).

extremal (or outlier) eigenvalues emerge from the eigenvalue
sea of the matrix Y. This phenomenon was studied in a
Hermitian [30-32] as well as a non-Hermitian [33-35] setting.
Here, we examine how the normal or non-normal character of
the source influences the eigenvalue distribution. We consider
a rank-1 source of the form

S = aln)(m| (32)

for complex parameter @ and bras (kets) (m| (|n)) denoting
the canonical matrix basis—the source matrix S has one
nonzero element « placed on the off-diagonal. For the sake of
simplicity, we choose the trivial variance structure L = R = 1.
After a fair amount of algebra, we find the result

Ran = Ro + [’ Ry + |a|*Ry + |®Rs + [a* Ry (33)

for the generating function. The formulas for the R;’s are
lengthy and are thus shifted into Appendix C. Although the
terms in Eq. (33) turn out to lack structure, they are still
assembled from the bosonic and fermionic building blocks
similar to Eq. (26),

; — (=1 —plw|? * —p
iri(z,w) = We dp e " Io(2/ o w))
0
x(p + mlzlH o + pkH (o + nk;), (34
and Eq. (27),

2 o0
o) = ot / dg g Ko(iplulg-)

—00

x(g2 = )2 — k) T(Z — k)T, (35)
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where ki 2(|oc|2 +2|x|% £ |a|/4]x]? + |a|?). By investi-
gating the terms in each of the R;’s, we find the conditions
l=-1,0,1,k>0and g +r > 1, r = 1,2,3, for the indices
of ix; and j, ., respectively. We employ the same steps as in
Sec. III B, obtain the generating function 7~€NN, and construct
the modified fermionic block,

(=D .
ko = W(’G)k’ (36)
i1 = k20 — 1o Grsro + 1217k0)s 37
. (=DFk! (nlz?

le,—1 = -
(kZJr - kz )Mk 1=0 I

X [Uy 11—k ) — Uy 1s—(ukD],  (38)

where i is the Ginibre block of Eq. (19) and k > 0. We
relegate the derivation of Eq. (38) to Appendix B. The bosonic
block reads

. (—p)rtar=!
Jar =T
dp e’
x f _Pe P . (39)
r (p+ plv»)(p + pky) (p + pkl)

where g > 0, 7 > 1, and the contour I encircles both —|v|?
and ;ka. Lastly, we obtain the formulas for g = —1,-2,

Jo12 =302 + Joo, + |l jo.), (40)

Jors =3G0s + Jos, + ol jos). (41)

Jo23=10os +2jos, + jos,, +leljos
+ 2la*Gos, + Jos )]s (42)

where the subscripts =+ indicate that the underlying multiplicity
vector X = (q,r — 1,r)is applied with decrement to the source
at nkE.

Finally, we obtain the spectral density (3) analytically and
plot it in Fig. 3. To facilitate a comparison, we juxtapose it
with the analogous results for the case of a rank-1 normal
source S and for the Ginibre case (23). A non-normal source
S (third row in Fig. 3) does not produce, on average, outlier
eigenvalues in the spectrum, in contrast to the normal source S
(second row in Fig. 3), where we find an island around & = 10.
Instead, in the non-normal case we observe something like a
blowup of the spectral bulk. The first row in Fig. 3 is devoted
to the case of a vanishing source, S = 0. Near z = 0, both
the normal and the vanishing source produce similarly shaped
spectral densities—the only difference between these cases is
the presence or absence of the finite-rank island.

D. Spectrum of M~!

As a last application, we discuss how to infer somewhat
gratuitously the spectrum of (S + X)~! from the results for
the spectrum of S + X. For simplicity, we deal with a normal
source S only and set L = R = 1. Toward that end, we define

PHYSICAL REVIEW E 94, 042130 (2016)

o Pa(x)
Or---- ®
-5
0 5 10
5 on(x)
I J\
-5 ‘ ‘ ‘
0 5 10
5 PNN(X)
Or---- ®---------
-5
0 5 10 -2 0 2

FIG. 3. Left-hand side: complex plane of eigenvalues, from top
to bottom for unperturbed S = 0 (Ginibre), normal perturbation S =
10]1) (1], and non-normal perturbation S = 10|2)(1|. Right-hand side:
numerical simulations and analytical results for the spectral densities
P:s Pn, and pny along the real axis line (dashed lines on the left-hand
side). Numerical simulations are for matrices of size N = 4, o = 10,
and we set © = N.

a generating function R_; for the inverse as

det(Z — M_y)\  detZ
det(V — M_y)[,  detV

Ria(Z',V'),
(43)

_I(Z,V)=<

and we relate it to the generating function (4) previously
Mofl) and Z',V’ are
'of Eq. (6),

considered. The matrices M_; = ( MT L

rearranged versions of the inverse matrices Z !,V ~

X/=<(X1)22 (X D
X Hn X Hn

We thus conclude that the whole calculation discussed in
Sec. III B can be repeated with only making the replacements
w = —wGpy, 2 > ZGy, u > —uGyy, and v — VG, with

Gy = = (|x]?> 4 |y|*>)~". We again conduct the R — R proce-
dure and eventually find that only the source matrix of Eq. (24)
is modified according to

Ay = (@ Dy = a1, = E 'y = SHOY 'y — 9).

>, X=2ZV. (44

The modified ratio for the problem of finding the spectrum of
(S + X)~! reads

2\ Il
R, = <%) Riiloy — (@ ], (45)

where the generating function R, ; is that of Eq. (29) and
the constituent fermionic and bosonic blocks (30) are affected
accordingly. In particular, we calculate the spectral density for
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m
0.4 Ly:arg(z)=—
21arg(z) 0
\;/ Or Ly:arg(z)=0 -------—- "S-~ -~
-0.4
-1 -0.5 0 0.5 1
Re(z)
_1(L _1(L.
3 p-1(L4) 3 p-1(L2)
2 2
| A
-1.0 -05 0.5 1.0 -1.0 -05 05 1.0

FIG. 4. A numerical simulation (top histogram) along with
analytic spectral density plots of matrix (S + X)~! along two straight
lines L, (bottom-left plot) and L, (bottom-right plot) for an external
source setup of S = (—2,2) with multiplicities 77 = (4,2).

an inverse matrix X! a

e B ¢
PO = Nalzp Z (k)'<|z|2> ’ o
obtained from Eq. (22). This formula was also found in a recent
work on the product of matrices [36].
In Fig. 4, the spectral density of (S + X )~ 1is depicted as
calculated from the generating function (45) for the nonzero
external source S.

IV. CONCLUSIONS

We have calculated exact spectral densities for a class of
complex random matrix models of the form M = S+ LXR
consisting of a noise part X and structure parts S,L,R.
We found twofold integral formulas for arbitrary structural
matrices. In greater detail, we investigated the case of a normal
source matrix S and arbitrary diagonal matrices L, R, which
are of particular interest. The resulting formulas are of a
remarkably succinct form. We confirmed our analytical results
by numerical simulations.

We showed how the presence or absence of the normality
condition for S leads to a qualitatively different behavior of
the eigenvalue densities. Our study was focused mainly on the
finite rank source matrices where analytical solutions proved
tractable. For a non-normal source, the most interesting feature
is the lack of outliers, i.e., extreme values in the averaged
spectral density. However, when imposing the normality
condition on the source matrix S, the outliers are clearly
present in the spectral density. Lastly, we looked at the problem
of finding spectra of an inverse matrix M ~!, which, by using
the approach in this paper, proved to be trivially connected to
the spectrum of M.

Among the open problems in the context of our study, the
question remains as to whether the normal versus non-normal
dichotomy has any counterpart relevant for applications.
Secondly, the information on eigenvectors is encoded in
the objects of study, but due to the approach taken, it was

PHYSICAL REVIEW E 94, 042130 (2016)

completely omitted in our present work. Thirdly, issues related
to universality seem feasible within our approach and are
certainly worth future investigation.
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APPENDIX A: SUPERSYMMETRIC METHOD
We start off from the joint PDF (2):

P(X)dX = C lexp(—uTrX X)dX. (A1)

As a first step we make the change of variables ¥ = LXR
implying M = S+7Y as well as M =8+ ) defined by
Eq. (5). The measure P(X)d X now reads

PLr(Y)dY = Cp 'wexp (—uTrR2YTL72Y)dY,  (A2)

where the normalization constant is given as Cp g =
(/ u)N ’ det(LR)%. We open the ratio of determinants with the
help of complex Grassmann variables y; and complex ordinary
variables ¢;,

det(Z — M)
det(V — M)
with a proper normalization constant c. We introduced the
supervector g = (¢1¢»x1x2)T and the joint measure d[¢, x] =
1—[;\/:1 d(¢1)id($2)id(x1)id(x2);. Averaging with the distribu-

tion P, g only affects the exponential terms proportional to Y,
which are given by

—c [ dig. e Az

p—id'diag V. Va _ =@ Yortx Yo+ oY or+x3Y )

_ —iTrH(E\Y+E,Y1)
=e N

where we set (E)ij = (¢2)i(#1); — (x2)i(X1); and (Ep);; =
(@1)i(#2); — (x1)i(X2);. The average is easily found to be

/dYPL’R(Y)efiTr(E1Y+E2Yi) _ e—/{TrE,LZEzRZ. (Ad)

To proceed further, we carry out a Hubbard-Stratonovich
transformation

eflllTrE]LzEsz _ CO/[dz]efﬂpfquq’ (A5)

which reduces the fourth-order supervector terms to second
order. The supermatrix Q appearing in the exponent is given
by

Q _ (Ediag(olN,—61N)

Ldiag(51y,B1y)

Ldiag(ply,ply))’

with £ = diag(L? R?). It depends on four new complex
integration variables, two ordinary ones o and p as well as
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two anticommuting ones § and . The corresponding measure

d(2] = d*od?pd*sd*p (A7)
is flat. We use the notation d’8 = d8d5. The normalization
constant in Eq. (A5) is given by ¢y = 7 2. The function F =
lo|> + |p|*> + 8B + BS in the exponent yields the Gaussians
needed to bring the supervector g to second order.

Thus, we can cast the generating function R g into the
form

Ri.r=cco / dl¢,x] / d[S]e A, (A8)
where we introduced the supermatrix
A =diag(V -S5,Z-8)+iQ. (A9)

In the next step, we interchange the order of integration
d[¢,x] < d[X]. This, however, has a subtle flaw: the resulting
integral is no longer convergent in the p and o directions, an
issue addressed previously [37,38]. It is a problem arising
in the supersymmetric method when the parametrization of
the d[X] manifold does not represent the symmetries of the
d[¢, x] manifold. To fix it, we inspect the symmetries of the
latter manifold and the transformations induced on the former
manifold so that the overall ratio stays invariant. This results
in the change of variables

p = p1+ip2, 0 =01 + 0,
LW —w w+w .
pr=i— + fcosp,  pp=-— > + fsing,
u+u . . u—1iu
oy =1 5 —ig_sinhy, 0y = + g_coshy.

We apply it before swapping the order of integration. Here, we
introduced real commuting variables f, g, ¥, and ¢ as well as
a small imaginary increment, g_ = g — i€, with € > 0. The
range of integration is f > 0,¢ € (0,2r],g € R,y € R. The
anticommuting variables 6, 8 remain unchanged. The integral
then becomes

/ d[T]e~ 1A = / dIT \(—ig- f)e ! HaAa,

(A10)
with d[2'] = dfdpdgdyd*5d* B and
F'=g>+ f2+ |w]* — |ul* + g_(ue” —ite™)
+if(we'® — we %) + 858 + BS. (A11)
We also introduced the transformed supermatrix
)

with the 2N x 2N blocks

, —L*c_ ¢ vly-—S , isL* 0
ABB= —R%s ¢ ) ABF: 0 iﬂR2 s

oly — St
A (iLPee™? Zly =S\, (i 0
FF — iRZpeup ’ FB — 0 1,8R2 .

71y — St

PHYSICAL REVIEW E 94, 042130 (2016)

After this change of variables, we may now safely interchange
the order of integration and arrive at

Rig= —ico/d[z’]g,fe—ﬂF’sdet—lA/, (A13)

where the integral over the supervector yielded the superde-
terminant as an extension of Eq. (A3),

c/d[¢,x]e"“’q = sdet ™' A", (Al14)

The superdeterminant is known to satisfy the formula

det® A 2
sdet ™A' = ﬁ (1 + xTrA + %TrAé + %(TrAQ)2>,
BB

where Ag = A’y 'Al Al 71A, for any integer x. This
result enables us to integrate over the Grassmann variables
8,6 in Eq. (A13). The integral

1(f.g.0.y) = / d*5d?Be MOPHFsder 1 A" (A15)
can be written in the form
I =—=Gy1 +(u—y2)( — v3) + vl (A16)

after some algebra and by utilizing the standard normalization
of the Berezin integrals to one. The individual terms are

_det(—f?1y — Q)
T odet(g21y — Q)
y1 = f2g* Tr[P,Q.ITr[P,Q.],
y2 = Tr[Q.T,P.Q.],  y3 = Tr[Q,T.Q.P,],
ya = fPTr[Q,Q.IP,Q.P,] + g> Tr[Q.P,I".Q.P,Q.],

where we defined
Q, = R2(x1y — SH, I, =L %(x1y —S),
P, =(g1y — T, P =21y -T[,Q)7",
Q =1y -2T)", Q =(f1y-T.2)".

At this point, we make the remarkable observation that the
function I is independent of the variables y and ¢ such that
I(f,g,¢,y) = I(f,g). Hence integrating over the fermionic
variables effectively restores a certain invariance. We collect
Egs. (A13) and (A16) to obtain the generating ratio

4' o0 o0
Rig=2 / dg /0 df S(f.g), (A7)

with the integrand

S(fog) = e MEHIHHWED [ o f 1w ]) Ko(2i pulul g )
x g_fGly1 + (1 — v2)(u — y3) + yal,
(A18)

where I, K are the Bessel functions of the first and second
kind, respectively. They result from the following integrals
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over the y,¢ variables:

oo
/ dy eI = DKo Qiplulg-),
—00

2 0 -
/ dp e @ D) — D [o2puf [w)),
0

where we set u = |ule’?, w = |w|e'¥, and we choose the
argument of u tobe & = 7 /2 to make the y integral convergent.
The angle of w is arbitrary since the ¢ integral is periodic, and
so we can set Y = 0.

APPENDIX B: DERIVATION OF (28)
We start from Eq. (27):
.k
i (m; — 1)!

]ﬁl(vvu) = 7 ol (_M)m,-

00 k
Ja(v,u) =/ dg g-e " KoQiplulg ) [ ] (e2—ad,) ™,

o0 i=1

e I (v,u), (B1)

(B2)

where we set d(m) =k for brevity. Using the Lagrange
interpolation formula, we find

k
H (gi - otfm)_mi = lim

i=1 I=1
with the operator D; defined as
k i\ 1—mi : k
(o) " am!

D=1l L )
l E(mi—l)!dyim'_' j=1:£1) (ylavu J/JOlw)

so that the whole integral J; is expressed as

= lim

Viseens vi—>1

Z:ch, (B3)

From now on, we focus on the integral C;:

o0 gie—ugi .
G =/ dg————KoQuilulg-). (B4)
—00 8§~ — Vi
We reintroduce the representation KoQuilu|g-) =
fooo ds exp (—2ui|u|g— coshs) and compute
1 o0
C = —/ ds[Ii(s) — 1_(s)], (BS)
: 2y, Jo i
oo
f(g-.s)
I:I:(S)Z/ dg — (B6)
o g —(£yydl, +ie)

with f(x,s) = xe " ~2uilulxcoshs The integrals I are calcu-
lable by the Sokhotski-Plemelj formula:

L(s) = inf (£ /ye] S)+PV/OOM
+ 1% _mx—(i\/M)
B7)

PHYSICAL REVIEW E 94, 042130 (2016)

The second part is the Hilbert transform [39]:

1 00 —ay?—by
Zpv / X
T —00 y—x

1

= \/ﬁ P I P "berf(ﬁ(b—i—Zax)) (B8)

Lastly, we need the identity

o0
/ di e—a2t2—b2/t2
X

v

= [e*Perfc(ax + b/x) + e *Perfc(ax — b/x)],
a

(B9)

valid for x > 0. Combining the formulas of (B7)—(B9) results
in

. _ !
C, =2iJmu|ule
o0 o0 uebyy 2.2 2
x/ ds/ dtcoshse ~ ~Hulrcosh’s —py()

In the next step, we integrate over s and change the variables
2
t“=1t+1:

0 1
C1=— dt

2 1
MU+ —pyen, o
2 Jo

B11
T+ 1 ( )

We introduce a succinct contour integral representation:

e M o

Oll )m, ’

hm E Dye M = f
=1 2mi l‘[l ]

where the contour I', encircles all o s counterclockwise. This
formula is a part of Eq. (B3), which, after changing p = —ugq,
is equal to

i =1 —ulul?
Ji 27(_M)Iml Lo—plul

7,u|u\2‘r+:f]
27'[1/ f 'L'+11—I (P-i—/wt )mi»

(B12)

with appropriately modified contour I'y. Lastly, we use an in-
tegral representation of the Tricomi confluent hypergeometric
function:

o 1
/ dt e
0 'L'+1

and we combine it with Eqgs. (B1) and (B12):

Pt

2
—Hlul T

o0
= Urpra(ulu)p,
k=0

. Hlmll(mz - 1! 7§ i Ugs1,1(1lu)?) p*
Ji = o ( —,
= 12 (p + pedy)”

which is exactly the formula (28).
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APPENDIX C: DETAILS FOR THE CASE OF NON-NORMAL S
The ratio for the non-normal case is given by Eq. (33) with R; terms:

Ro=2(Vin_s1jna + Zin—1jn-32) +6(Vin_10jn-43 + Zin-s1jn-1.1) — 4V jn-228] —4Ziy 2007
+ N [jn-11A% 51 + Vin-aijna] + wdi[(N — 2)jn—1.1in—3.1 + 2in-1.0jn-32] — Win-21jn-21
+ N[2Vjn-228] = 2Zjn-1.182 4+ 2jn-3205_1.0 = 2in-11A% 31 — Zin-arjn-1.1 — 3Vin-31jn1]:

Ri=—=N[0] N 52+ AF 5007 |+ 1[2A5 10BN 32 + dain20jn—22] + in-102Vjn-12 + 3jn-43)
+ d1[2Njn-22A% 50+ in-20@4Vjn-33 — Njn-22) +in-20in-43 — in—1jn-22+ V(N — iy_20jn-12
— Z(N + 2)in-30jn-22] + 2Vjn-4383 — Zin 100 — 2iN 315N 22 — 2iN-1.10K 20 — 2Zjn-320%_1 _
+2Vin_1,0Z 33+ iN-32QZin-30+ in-1) — (ViN-2o — Zin,—1)jnN-43,

Ry = di[AY_; _yjn—22+ (in-20 = 2iN-1)By_33] + 2N = 2)A% 0By, + Vin-20Z3Y5 5
= AZ 4 V) jn-s3D5_1 1 — N30 A8 11 — iN1.0ZY 33 T in—22in-20 — 8302,

Ry = =85y 35+ A5y [02 + 2412y 5],

Ry = Aﬁ—l,—lzx—s,&

where V = [v|?, Z = |z|%, d) = Zv + 20, dy = (Zv)? + (zD)?, and the notation reads

4 . . . .
8 =in—10Ein-31, S =in_41—iNn-20,

8 =in_1—IiNn-20,
4 . . . .
o = jn=32E jv-11, 02 = jn—22— JN-43;

A;y = ix,y + Zixfl,yv Ei,y = jx,y + ijJrl,yo
Now we turn to the calculation of the modified bosonic block fk,,l of (38). We start from the definition (34):

- D e [,
i1 = e dpe QR
0

(p + plzH*

P+ ukH o + uks)

First, we express the denominator as an integral:
1 1
(o + pk)(p + pky) — 2usk
with k;t = ko &+ 8k. We consider the integral

oo
/ dp e~ PP=PHho ginh(pudk),
0

© a2 (] z[2Y k! = [z 2(p + D] plw|?
I(p)= | doe PP (p + ulzP  Io@ymplwl) = €7 Li\ =
(p) /(; 1Y (p + wlzI) To2y/ mplwl) P+l k —1)! ! p+1

=0

and we obtain the formula for i; _;:

—1)k o0
;Mk;ke—ulw\z / dp e~ P sinh(pusk)Z(p).
0

Ik—1 =
It gets simplified in the w — O limit:

k
- (=DM (ulz?) _ "
i1 = T ; I (U 11— (k) — Up i (k)]

thus reproducing Eq. (38).
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